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Fatigue Failure of Angle Ply Laminates
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Technion-Israel Institute of Technology, Haifa, Israel
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A previously developed fatigue failure criterion for laminae in a state of plane stress is used to establish a
failure criterion for first fatigue failure of balanced laminates. An extensive tension-tension fatigue testing
program for E-glass/epoxy angle plies with various reinforcement angles has been carried out in order to test the
validity of the theory. It has been found that for certain ranges of reinforcement angle there is good agreement
between theory and experiment, whereas for other ranges of reinforcement angle this is not the case.

Nomenclature

EA = lamina Young's modulus in fiber direction
ET - lamina Young's modulus in direction transverse to

fibers
/ = laminate fatigue function
fA = lamina fatigue function for load in fiber direction
fT = lamina fatigue function for load in direction trans-

verse to fibers
/T = lamina fatigue function in shear
ff ^ laminate fatigue function for fiber failure mode
fm = laminate fatigue function for matrix failure mode
GA = lamina axial shear modulus
N = number of cycles to failure (lifetime)
n = frequency
R = ratio between minimum and maximum stress in a

cycle
s = superscript denoting static failure stress
u = superscript denoting fatigue failure stress
r; = nondimensional coefficient
0 = angle between fiber direction and load
\i = nondimensional coefficient
VA = lamina axial Poisson's ratio
a = applied uniaxial stress
OA = stress in fiber direction
OT = stress in direction transverse to fibers
T = shear stress

I. Introduction

TPHE present paper is concerned with the problem of pre-
JL diction of fatigue life of laminates on the basis of known

fatigue characteristics of the constituting laminae. The
problem is of utmost importance to engineers designing with
composite materials and has received repeated attention in the
literature.1-3

The problem of fatigue life of single, unaxially reinforced
laminae in a state of plane stress has been considered, both
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analytically and experimentally.4 A fatigue failure criterion
for combined plane stress was established which will be
described later on. With this failure criterion, it is
possible to predict first lamina fatigue failure of a laminate
under cyclic loading. The major difficulty is to predict sub-
sequent fatigue failure of laminates in the presence of failed
or degraded laminae, until the whole laminate fails. The same
problem arises in analysis of static failure of laminates, and it
is for this reason that general failure criteria of laminates are
not available at this time.

The simplest laminate is a balanced angle ply. If such a
laminate is loaded symmetrically with respect to bisectors of
reinforcement angles, all laminae are in the same state of
stress. This state of affairs may lead to the belief that first
lamina failure and laminate failure occur at the same external
load. Indeed, that such is the case has been stated frequently
in the literature. A recent analytical and experimental in-
vestigation5 has shown, however, that angle ply static failure
coincides with first lamina failure only for certain ranges of
reinforcement angle, whereas for other angular ranges this is
not the case. In the present paper a similar investigation is
carried out for angle plies under cyclic loading, with the aim
of assessing to what extent first lamina fatigue failure can be
considered as a fatigue failure criterion of the angle ply.

II. Analytical

As was shown in Ref. 4, a uniaxially reinforced lamina in
plane stress has two different failure modes, one for fiber
fracture and the second for matrix fracture. The first one is
expressed mathematically in the following manner:

with

o"A=o'AfA(R,N,n)

The second failure mode is expressed by

(0T/0U
T)2+(T/T")2=1

where

r"=rsfT(R,N,n)

(1)

(2)

(3)

(4a)

(4b)
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Consider a balanced angle ply which is loaded sym-
metrically by cyclic uniaxial stress a in one direction (Fig. 1).
Assuming elastic laminae, the lamina longitudinal, trans-
verse, and shear stresses are given by

(5a)

(5b)

(5c)

where, from elastic laminate theory,

tan220

x ~ ~

I-EA/ET
l+2vA+EA/ET

EA/GA

i+2vA +EA/ET

(6a)

(6b)

(6c)

<7a)

(7b)

Define by a" the cyclic external stress at which any lamina
fails. If statistical scattering of failure stress is disregarded,
then failure of type (1) or (3) occurs in all laminae
simultaneously. Write

(8)

Let Eqs. (5) and (8) be introduced into the failure criteria Eqs.
(1) and (3) with use of Eqs. (2) and (4). Then fiber failure
mode is expressed by

and matrix failure mode is expressed by

f=
ff for fiber failure mode

fm for matrix failure mode

(9)

(10a)

(lOb)

For static loading the failure criteria Eqs. (9) and (10) reduce
to4'5

o'A=kxxa' (lla)

(as)2[(kyy/a*T)2 + (kxy/Ts)2}=l (lib)

Substitution of Eqs. (11) into Eqs. (9) and (10) yields

ff(R,N,n,6) =fA (R,N,n) (12)

fm(R,N,n,6)=fr (13)

Equations (12) and (13) determine the laminate fatigue func-
tion in terms of lamina fatigue functions. It is seen that Eq.
(12) is independent of reinforcement angle.

In order to determine which of Eqs. (12) or (13) applies, it is
necessary to investigate whether failure is governed by Eqs.
(9) or (10). This is done simply by use of the known lamina
stresses and the fatigue failure stresses Eqs. (2) and (4), which
appear in Eqs. (9) and (10), for the number of cycles at which
failure is considered. It should, however, be noted that the
failure criterion Eq. (9) can be operative only for very small
angles (less than 2° for the present material).

The lamina fatigue functions/^, fT, fT entering into Eqs.
(12) and (13) have been defined by Eqs. (2) and (4). The func-
tion fA is determined simply by the S-N curve of a lamina
under uniaxial tensile load in fiber direction. The functions
fT and/r may be determined by the S-N curves of an off-axis
uniaxially reinforced lamina as was done in Ref. 4. It is
recalled that, for the off-axis lamina, Eq. (13) is replaced by4

f*(R,N,n,6)=fT

— ) 2 tan20

;-M2(if)*tan*0 J
<?r fr

(14)

Fig. 1 Angle ply specimen.

The left side of Eq. (14) is determined experimentally by the
S-N curve of the off-axis lamina. If this is done for two dif-
ferent specimens with different 0, the functions/,. and/r are
determined. The accuracy of Eq. (14) is tested by its fit to
other angles 0. As has been shown in Ref. 4, Eq. (14) is in
good agreement with experimental data.

Finally, it should be emphasized that the theory developed
applies to any symmetric laminate under any cyclic membrane
loading. The nature of the laminate and the loading enter into
the coefficients kxx, kyy, and kxy which appear in Eqs. (11)
and (13) and are determined by laminate analysis. In general,
it is necessary to apply the criterion to all different laminae in
order to find out which lamina fails first.

HI. Experimental

An experimental program of tension-tension fatigue on
angle ply specimens made of ^-glass/epoxy has been con-
ducted in order to assess the validity of the theory just put
forth.

Apparatus

Two types of fatigue machines were used for the ex-
periments. Both are of the tension-tension type and have an
eccentric cam which actuates one of the specimen grips by
means of a lever. The first has a very stiff lever, so that one
specimen grip attached to it is moving in a sinusoidal pattern.
The other grip is attached to a very stiff load cell, thus
producing constant repeated elongation amplitude. The load
variation is recorded by the load cell. In laminates which
exhibited deformation after some cycles, a compressive load
was recorded. To avoid this, a device was attached to the load
cell which kept the lower elongation at the minimum elastic
strain level. This means that the amplitude difference was
kept constant with continuous modification of minimum am-
plitude.

The second machine has a spring-type lever which connects
the cam movement to the grip. Since the spring constant is
low, there is almost no change in the load applied on the
specimen because of permanent elongation during cycling.
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Thus, this machine performs a constant load amplitude
cycling.

Material and Specimen

The fatigue specimens were made of angle ply laminate.
The laminate was manufactured by a filament winding
technique, where a single end roving of Zi-glass fibers
(Gevetex Es 13 3200X1 K921) ran through a bath of epoxy
resin (Union Carbide ERL2256/ZZL0854 100:31) and was
wound on a flat polygonal mandril. The polygon geometry
determines the lamination angle. Eight thin, unidirectional
layers were laid up alternately to produce a balanced
laminate. The laminate was put into a vacuum to remove air
bubbles and then was cured by heating and pressure. The
laminates then were removed from the mandril and cut by a
diamond wheel to the desired dimensions. Aluminum tabs
were glued to the specimen for proper gripping. The specimen
configuration is shown in Fig. 1. Lamination angles produced
were ±30°, ±35°, ±41°, ±45°, ±49°, ±55°, and ±60°.
Fiber volume fraction in laminae was 65%.

Experimental Procedure

Specimens with various lamination angles were mounted on
the two fatigue machines, and their fatigue lives under dif-
ferent stress levels were measured. Fatigue life was measured
up to 106 cycles. All tests were performed with amplitude
ratios of R = Q.\. (The cycling is tension-tension.) Two rates
of cycling were used: n = 19 and 1.8 cps. The tests were carried
out on both machines, for constant elongation amplitude and
constant load amplitude. Change of the load was recorded on
a strip-chart recorder. Visual inspection of the failure
mechanism was carried out for some specimens to compare
with the static failure.

The material parameters of single laminae needed for the
theory are elastic properties, static failure stresses, and the
fatigue functions. The first were measured by strain gages and
the second with an Instron machine. The lamina fatigue func-
tions have been determined previously4 from measurements
on off-axis specimens. However, it should be noted that the
epoxy used in present specimens was slightly different from
the one used in Ref. 4. (The manufacturer discontinued the
previously used epoxy.) The data obtained are given by

£^=5580 kg/mm2, ET= 1810 kg/mm2

j^ =0.285, GA -613 kg/mm2

TS = 8.4 kg/mm2 , OS
T= 42 kg/mm2

•fr= 0.917 -0.037 logW 102<7V<106

fT = 0.956-0.0235 logTV 102<7V<106 (15)

The preceding results permit computation of Eq. (13) with
kxx, kvv, and kxv given by Eq. (7).

IV. Results and Discussion

Experimental fatigue failure results obtained for angle plies
with 0=±30°, ±41°, ±45°, ±49°, ±55°, and ±60°
are shown in Figs. 2-8. In each of these figures the
S-N curve predicted by Eq. (14) with the data of Eq. (15) is
shown by a broken line. These S-N curves represent the oc-
currence of first fatigue crack in the laminae.

Additionally, S — N curves have been calculated by use of
static ultimate failure stress of the angle ply as together with
the fatigue function Eq. (14). This gives a "fatigue ultimate
failure stress" a" defined by

The failure stress as has been measured by use of an Instron
machine. S—N curves represented by Eq. (16) are shown as
full lines in Figs. 2-8. It should be emphasized that Eq. (16)
has no theoretical basis. Obviously, Eq. (16) predicts a higher
failure stress than the one defined by first lamina failure.

It was observed that the angle plies fail in fatigue in three
distinct failure modes which are similar to the ones observed
in static failure:5

1) In angle plies with 0<45°, failure is initiated by
delamination at the edges, until complete separation of the
laminate occurs. The angle plies representing this group are
6= ±30°, ±35°, and ±41°. Their S-7Vcurves are shown in
Figs. 2-4. In these laminates, the fatigue life is dependent
slightly on the rate of cycling, i.e., the frequency. This is
shown in Fig. 2 for the ±30° angle ply. It is seen that, in this
group of laminates, the heuristic failure criterion Eq. (16) and
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Fig. 2 Experimental and predicted S—N curves of ±30° angle ply.
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Fig. 4 Experimental and predicted S^/V curves of ±41° angle ply.
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Fig. 5 Experimental and predicted 51—/V curves of ±45° angle ply.
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Fig. 6 Experimental and predicted S—N curves of ±49° angle ply.
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Fig. 7 Experimental and predicted S — N curves of ±55° angle ply.
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Fig. 8 Experimental and predicted S—N curves of ±60° angle ply.

first lamina failure criterion predict appreciably different
results. This, of course, is because static load leading to first
lamina static failure and ultimate static load are appreciably
different for this laminate group.5 It is seen that the criterion
Eq. (16) is distinctly in better agreement with experimental
results.

2) In angle plies with 6- ±45°, the failure mode consists of
crack accumulation, the cracks running parallel to the fibers.
Static stress-strain curve to failure of such laminates (Fig. 9)

4 5 6 7
e (%)

Fig. 9 Stress-strain curves of angle ply laminates.

LAMINATE, CALCULATED

CENTAL——— LAMINA

Fig. 10 Calculated fatigue functions of angle ply laminates and
fatigue functions// and/T of lamina.

exhibits very large strains to failure and flat stress plateau.
Consequently, as was observed in cycling experiments, there is
essential difference between constant stress amplitude and
constant strain amplitude cycling, and stiffness is reduced
during cycling. It is literally impossible to fail the angle ply in
constant strain cycling, since it can suffer such large strains-
to-failure. On the other hand, constant stress cycling produces
conventional S — N curves as shown in Fig. 5. The initial stress
level for the ±45° was taken as the stress at the "knee" of the
static stress-strain curve. This stress level is indicated by an
arrow in Fig. 9.

3) In angle plies with 0>45°, failure occurs in sudden
fashion by localized cracking. This group of laminates is
represented here by 0=±49°, ±55°, and ±60° shown in
Figs. 6-8. There was no observed difference between constant
stress cycling and constant strain cycling, nor was any in-
fluence of cycling rate found. Elastic properties changed only
slightly during cycling. It may be concluded that internal
damage accumulation prior to failure is not significant. Oc-
currence of first lamina crack literally coincides with laminate
failure. It was observed previously5 that, in this group of
laminates, static first lamina failure and static ultimate failure
occur literally for the same load. Consequently, first lamina
fatigue failure and Eq. (16) also give the same results, as
shown in Figs. 6-8 by the closeness of broken and full S — N
curves. It is seen that there is excellent to good agreement with
experimental results.

Figure 10 shows a comparison of computed first lamina
failure fatigue functions for 6= ±30°, ±45°, and ±60° with
basic lamina fatigue functions fr and/r, showing that all of
the angle ply fatigue functions are bounded by fr and/ r. It
easily is shown from Eq. (13) that, if/T</r, which condition
is satisfied by the present fatigue functions Eq. (15), then

Figure 11 shows comparison of computed S — N curves of
angle plies with measured 5—N curves of off-axis plies
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Fig. 11 Calculated S— N curves of angle ply laminates and ex-
perimental S — N curves of off-axis laminae.

(laminae) with the same 6. Interesting enough, the S-N
curves of ±60° angle ply and the 60° off -axis specimen coin-
cide. In order to explain this phenomenon, consider a ±6
angle ply and off-axis specimen of angle 6, both of which are
loaded by the same uniaxial load in the specimen axis direc-
tion. It can be shown by use of the results of Eq. (7) that the
stresses in the laminate of the angle ply and in the off-axis
specimen will be identical if and only if

where ^ and rj are given in Eq. (7), In the present case it is
found that 00 = 59°.

V. Conclusion
A fatigue failure criterion which predicts first failure of

laminae in a laminate has been established. Experimental in-

vestigation of fatigue failure of .E-glass/epoxy laminates has
shown that, for angles 0>45°, there is very good agreement
with the given criterion. For angles 0<45°, the criterion un-
derestimates the fatigue failure load. Better agreement with
experiments is obtained by use of a heuristic criterion which
uses, for fatigue failure stress, the static laminate ultimate
stress multiplied by predicted first failure fatigue function.

The ±45° angle ply is of singular nature because of its
pronounced macroductile behavior in static loading. Con-
sequently, this laminate showes a tremendous difference be-
tween constant stress cycling and constant strain cycling
behavior. It cannot be failed in fatigue by the latter.

It is felt that the fatigue failure criterion may be used con-
servatively to assess fatigue failure of laminates on the basis
of fatigue data of single laminae. It should serve to reduce
necessary fatigue experimentation.
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Editedby Alan Rosen, TRW, Inc.

Spacecraft charging by magnetospheric plasma is a recently identified space hazard that can virtually destroy a spacecraft in
Earth orbit or a space probe in extra terrestrial flight by leading to sudden high-current electrical discharges during flight.
The most prominent physical consequences of such pulse discharges are electromagnetic induction currents in various on-
board circuit elements and resulting malfunctions of some of them; other consequences include actual material degradation
of components, reducing their effectiveness or making them inoperative.

The problem of eliminating this type of hazard has prompted the development of a specialized field of research into the
possible interactions between a spacecraft and the charged planetary and interplanetary mediums through which its path
takes it. Involved are the physics of the ionized space medium, the processes that lead to potential build-up on the
spacecraft, the various mechanisms of charge leakage that work to reduce the build-up, and some complex electronic
mechanisms in conductors and insulators, and particularly at surfaces exposed to vacuum and to radiation.

As a result, the research that started several years ago with the immediate engineering goal of eliminating arcing hazards
caused by flight through the charged plasma around Earth has led to a much deeper study of the physics of the planetary
plasma, the nature of electromagnetic interaction, and the electronic processes in currents flowing through various solid
media. The results of this research have a bearing, therefore, on diverse fields of physics and astrophysics, as well as on the
engineering design of spacecraft.
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